Abstract. We present a method of modeling the areal reduction factor (ARF) of storm rainfall. The ARF is widely used in reducing point rainfall to obtain areal average values for the same duration, probability of exceedance, and specified area. The concepts of scaling and multiscaling, developed in recent years, provide a powerful framework for studying spatial and temporal variability of hydrological processes. It is our view that ARF must reflect the scaling properties of rainfall in space and time. We develop a simple statistical approach to the ARF of extreme storm rainfall based on the scaling properties of the underlying process in space and time. We derive the scaling relations of mean rainfall intensity over an area A and for a duration T using the concepts of dynamic scaling and statistical self-affinity. A new physically based formula for the ARF is then obtained. Applications are made to observations from the metropolitan area of Milan, Italy, and to data in the United Kingdom, as given in the Natural Environmental Research Council Flood Studies Report. These studies indicate that storm rates in space and time are scaling for extreme events, and hence this concept is shown to provide a useful practical approach to the evaluation of design storms for specified areas.
Introduction
The term areal reduction factor (ARF), as defined in the Natural Environmental Research Council (NERC) Flood Studies Report [NERC, 1975] is the factor which, when applied to point rainfall for specified duration and return period, gives the areal rainfall for the same duration and return period. Thus the ARF ranges from 0 to 1. Previously, the National Weather Service [1958] developed a set of curves, originally based on major storms recorded at points in seven dense networks in the United States mainly east of the Mississippi River, with records from 7 to 15 years. The storm durations ranged from 30 min to 24 hours, and the plots showed the areal reduction for areas from 250 to 1000 km 2 ; shortly afterward, observations from 13 other networks were found to correspond, on average, with the original curves. Although there is considerable divergence when the curves are fitted to data from other parts of the world, the results seem to be widely adopted [see, e.g., World Meteorological Organization (WMO), 1986] . Alternatively, many empirical formulae have been derived to express the areal variability of storm rainfall. These formulae are strongly dependent on the specific geographic and climate conditions to which they have been applied originally. On the other hand, Roche [1966] developed a theoretical approach to point and areal rainfall based on the correlation structure of intense storms. Rodriguez-Iturbe and Mejia [1974] extended the theory, introducing variance function and variance reduction factors. Using a different method, Bacchi and Ranzi [1996] presented a stochastic derivation of the ARF based on crossing properties of random fields. Subsequently, Sivapalan and Blösch [1998] analyzed the derivation of ARF of extreme storm rainfall and also used a variance reduction factor. More recently, Asquith and Famiglietti [2000] , assuming a probability equivalence between point and areal rainfall as in the characteristic correlation length procedure of Roche [1966] and others, considered the distribution of catchment rainfall surrounding an annual-precipitation maxima.
In this study we adopt a simple statistical approach to the ARF of extreme storm rainfall based on its scaling properties in space and time. After some preliminary definitions in the next section, the concepts of dynamic scaling and statistical self-affinity are used to study the variability of a random process in time and space. These concepts are applied initially to the rainfall process and then to the ARF, and relative scaling relations with area and duration are proposed. Applications are made to the rain gauge network around Milan, Italy, and to data from the United Kingdom as given in the NERC Flood Studies Report [NERC, 1975] .
Definitions
Let I(T, A) denote the maximum annual value of mean rainfall intensity over a duration T and area A. For a given location the ARF can be defined as the ratio
between the mean rainfall intensity I(T, A) and that of point rainfall intensity for the duration T, or in terms of rainfall depths as
where the mean rainfall depth is Y(T, A) ϭ TI(T, A) and the point rainfall depth is Y(T, 0) ϭ TI(T, 0). As point rainfall is generally assumed to be equal to the rainfall intercepted over the area A 0 of a given rain gauge instrument, (1) 
Dynamic Scaling and Statistical Self-Affinity
If we suppose that the spatial scales of length, L i and L j , and the temporal scales, T i and T j , of a physical system are governed by a power law
then the system is characterized by scale invariance in the dynamic sense or dynamic scaling and is the dynamic scaling exponent. For example, when viscous forces are the only dominant factor in fluid dynamics, the Reynolds number is preserved and ϭ 2/3 in a given fluid. If, on the other hand, inertia forces are the only dominant factor and the Froude number is preserved, then ϭ 0.5. These concepts have been applied in other physical systems, such as braided rivers, for which Sapozhnikov and FoufoulaGeorgiou [1997] used statistical dynamic scaling to study evolutionary aspects. With respect to rainfall, Lovejoy and Schertzer [1991] , Tessier et al. [1993] , and Marsan et al. [1996] have demonstrated the presence of dynamic scaling in rainfall fields, finding a value of the scaling exponent roughly equal to 2/3. De Michele and Rosso [1999] and Venugopal et al. [1999a Venugopal et al. [ , 1999b have applied this concept to study the evolution of a rainfall field.
Let us consider a random field {I( )} represented by the variable I parameterized in time and space by the vector (T, A). For simplicity in application, the spatial variability of the random field is represented by the coordinate A, assuming isotropic behavior in space. To study the variability of I( ) in time and space, we assume that the random field has dynamic scaling properties (which we shall support below with evidence from field observations). Then for every pair A i and A j it is possible to rescale the duration using the relationship
where z is the dynamic scaling exponent. If (4) holds, the time and space of the random field scale as
Accordingly, a two-dimensional random field parameterized in space and time by A and T is reduced to the one-dimensional case by introducing the ratio T/A z . In other terms, denoting ϭ A i /A j and ϭ T i /T j , equation (4) is written as ϭ () z . For Ͼ 0 and Ͼ 0 the assumption of dynamic scaling allows the rescaled random field I(T, A) to be a function of the multiplier ; that is, I( z T, A) ϭ I (T, A). Thus, by invoking the concept of dynamic scaling in the space-time variability of the random field {I( )}, one can effectively reduce a two-dimensional problem with two ratios (space) and (time) to a onedimensional problem with a single ratio . Introducing then the concept of scale invariance in the statistical sense and combining it with the concept of dynamic scaling, one can introduce for the random field {I( )} the definition of statistical self-affinity [see also Schertzer and Lovejoy, 1989] :
where the symbol ϭ d denotes equality in probability distribution; a and b are two positive constant scaling exponents, linked by the relation a ϭ b ϫ z; and H, constant and positive, is the Hölder exponent. Note that if H is not constant but is a function of the level of probability, or, in other words, of the return period, (5) represents a statistical multiscaling transformation according to Gupta and Waymire [1990] . However, the multiscaling is frequently expressed in terms of the qth-order moment, according to Schertzer and Lovejoy, [1989] as
where (q) is a function of q (a nonlinear function in the general case of multiscaling, and a linear function, (q) ϭ Hq, in the particular case of self-affinity). Lovejoy and Schertzer [1990] propose a general form
based on Lévy stochastic variables, where C 1 is the codimension of the mean process and ␣ is the Lévy index. Burlando and Rosso [1996, p. 56] obtain the analytical form of function (q) in the particular case of ␣ ϭ 2, using an approach different from that used by Lovejoy and Schertzer [1990] .
To respect the transformation (5), I( ) should have a form of the type [Logan, 1987, theorem 
where f( ) is a random function. Thus (7) defines the general form of the random variable I( ) under the scaling transformation represented by (5). It is important to note that using the ratio T b /A a (or, equivalently, T/A z ) in the random function f( ) is physically sound under the assumption of dynamic scaling of the random field I( ).
Scaling Invariance Formulation of ARF
The rainfall field can be considered to be a particular case of the random field {I( )} which represents the intensity I parameterized in time and space through the vector (T, A). Equation (5) can be centered with respect to the area A 0 intercepted by a rain gauge as
with A* ϵ ( A Ϫ A 0 ) Ն 0 and T Ն 0. It must be stressed that in nature the scaling properties in time and space (when present) only hold between two cutoff limits, i.e., the inner cutoff and the outer cutoff.
It is important to note that (8) can be considered as a particular case of the equation written in terms of increments used in the analysis of rainfall fields [Schertzer and Lovejoy, 1989; Lovejoy and Schertzer, 1995] . For the problem considered, ARF, and also for the intensity-duration-frequency curves (IDF) and the intensity-duration-area-frequency curves (IDAF), it is more convenient to refer directly to the scaling of the variable I, rather than the scaling of the increments; see, for example, Hubert et al. [1993] , Burlando and Rosso [1996] , Hubert et al. [1998 ], or Menabde et al. [1999 for the determination of IDF curves. From (8) we will derive the IDAF and, as a particular case, the IDF. Then combining IDAF and IDF, we obtain the ARF. In (7) the general form of the random function, which according to (8), is written as f( A* a /T b ), is obtained from its asymptotic properties. Considering the case A* 3 0, the rainfall intensity I(T, A*) tends to the rainfall intensity at the rain gauge I(T, 0), as already mentioned. Hence the function f( ) tends to a 1 , the random variable that represents the local intensity for unit duration. When A* 3 ϱ, the mean areal intensity of rainfall tends to zero and therefore f( ) 3 0. If T 3 ϱ, the rainfall intensity is uniform for all A (as illustrated, for instance, by National Weather Service [1958] ) and the function f( ) 3 a 1 (as for A* 3 0). Consequently, f( ) is of the type
where ␤ is a positive scaling exponent and is a factor of normalization expressed in units of h b km Ϫ2a . The exponents H of (7) and (8) and ␤ of (9) have the relationship
This can be verified as follows: From (7) and (9), if A* a /T b Ͻ Ͻ 1, then one finds that I(T, A*) ϰ T ϪH/a , or, in other words, the variability of rainfall intensity is determined by T. On the contrary, if A* a /T b Ͼ Ͼ 1, then one obtains, assuming (10) holds, that I(T, A*) ϰ A* ϪH/b ; that is, the variability of rainfall intensity is determined by A*. Thus, by invoking (10), one obtains these limiting relationships that are physically evident in the space-time variability of rainfall fields. Note that these relationships correspond to the approximation of the scaling random function by two straight lines. This is shown in Figure 1 , in which the random function, normalized with respect to a 1 , f( )/a 1 , is plotted against the nondimensional argument (A* a /T b ). Equation (7) then becomes
where v ϭ H/a or, in terms of average rainfall depth,
in which n ϭ 1 Ϫ v. In this way the rainfall intensity I( ) is expressed as a product of two terms a 1 T Ϫv representing the local intensity of rainfall, and
, that is, the reduction function of rainfall intensity with area. Thus, for A* ϭ 0, equation (11) gives the well-known formula I(T, A*) ϭ a 1 T Ϫv that expresses the variability of local intensity with duration. Then introducing a probability distribution for the variable I, one can obtain the IDF curves; in particular, Burlando and Rosso [1996] proposed a multiscaling lognormal model for IDF curves. For A* 0, equation (11) provides the general scaling formula of average rainfall intensity with area and duration. In the same way, introducing a probability distribution for the variable I, we can obtain the IDAF curves. In particular, considering the lognormal distribution, we can generalize the results of Burlando and Rosso [1996] to obtain a multiscaling lognormal model of IDAF curves. It is interesting to note that the formulation presented here, equation (11), is similar to the traditional formula discovered in Italy in the first half of the twentieth century by A. Columbo and U. Puppini [see Supino, 1965, pp. 117-121] .
From (8), putting A* ϭ 0, we obtain
The analogous equation in terms of quantiles is i F (T, 0) ϭ Ϫv i F (T, 0), which represents the temporal variability of the local rainfall intensity for a given probability of nonexceedance F. These are in fact the IDF curves.
Combining (8) with (12), we have
or in terms of quantiles, ARF F ( a T, b A*) ϭ ARF F (T, A*). Equation (13) expresses the invariance of the probability distribution of the ARF after a self-affine transformation. From (11) one obtains the following relationship of ARF with area and duration:
Hence
From (15) it follows that on a plot of log A* versus log T, iso-ARF lines are straight lines with the same gradient, z, the dynamic scaling exponent. These iso-ARF lines can be drawn in the plane log A*-log T for given values of the parameters , b, z, and v. For exam- 
Model Applications
First, the network of rain gauges in the metropolitan area of Milan, Italy, is considered. The data set used in this study comprises 8 years (1973) (1974) (1975) (1976) (1977) (1978) (1979) (1980) (1981) of rainfall precipitation observed at 16 stations covering an area of about 300 km 2 . The annual maximum values of the average rainfall intensity I(T, A) over a duration T and area A were obtained using the kriging method. The rainfall is aggregated over areas ranging from 0.25 km 2 to a maximum around 300 km 2 and of duration from 20 min to 6 hours. Then the maximum annual values of areal intensity and areal reduction factor are obtained. Because we are limited to only 8 years of observations, we prefer to refer to the first statistical moment rather than to the probability distribution of the variables I( ) and ARF( ). Figure  3 gives the variability of expected value of local intensity with duration. From Figure 3 it is evident that E[I(T, 0)] has linear behavior in the plane log T-log E [I(T, 0) . We write (10), which gives the intensity over area A* and duration T, in terms of first statistical moment for the particular case A* ϭ 0. Then using a linear regression we can estimate the parameters E[a 1 ], expected value of a 1 , and v, obtaining E[a 1 ] ϭ 31.4 mm h Ϫ1Ϫv and v ϭ 0.484. Next we minimize the differences between (11) and the average values of areal intensity obtained from the data, and so estimate the parameters , z, and b as ϭ 0.0905 h b km Ϫ2a , z ϭ 1, and b ϭ 0.540. Figure 4 shows the agreement between the model, represented by (11), and the observed data. Note that the dynamic scaling exponent is equal to 1, indicating for the metropolitan area of Milan an isotropic behavior of rainfall field in space and time. The theoretical ARF of rainfall intensity, as given by (14), is plotted in Figure 5 together with values obtained directly from the data for various durations. From this it is evident that the data related to different durations tend to collapse onto a unique curve given by (14), showing once again good agreement between the model and the data. Furthermore, this corroborates that the dynamic scaling is present [see also Sapozhnikov and Foufoula-Georgiou, 1997] . Figure 6 shows the comparison between the observed and fitted expected values of ARF; here the fit has a coefficient of determination R 2 of 0.96. Second, we consider the ARF values for the United Kingdom data as calculated in the NERC Flood Studies Report [NERC, 1975, p. 40] , where the ARF was not considered to vary with the return period. The data set covers a wide temporal and spatial variability, for durations from 1 min to 25 days and for areas from 1 km 2 to 18,000 km 2 , for many regions in the United Kingdom. As in the case of the Milan data, we estimate the parameters of (14), , b, z, and v, from the expected values of ARF data given by NERC [1975, pp. 38 and 39] . We obtain ϭ 0.011 h b km Ϫ2a , b ϭ 0.4, z ϭ 0.7, and v ϭ 0.7 and a coefficient of determination R 2 equal to 0.96. Also in this case, (14) shows good agreement with observed data as shown in Figure 7 . 
Summary and Conclusions
The focus of this paper is to derive the ARF of extreme storm rainfall from the scaling properties of storm rainfall in time and space. On the basis of dynamic scaling and statistical self-affinity we obtained a scaling relation of average rainfall intensity in area and duration. From this relationship we can obtain the IDAF curves and as a particular case the IDF curves. Then combining IDAF and IDF, we derive the ARF. This approach incorporates three different aspects, IDAF, IDF, and ARF, of the same problem, that is, the variability of the rainfall field.
In particular, we deduce the following formula of expected value of ARF
The four constants are estimated as detailed above. The proposed formula provides a close approximation to the expected value of the ARF for Milan and the United Kingdom as given by the NERC [1975] . Further data analysis is needed to assess the variability of the scaling exponents with geography and climate. The results of this study significantly support the conjecture that scaling holds for storm rates in time and space considering extreme events. Hence this provides a reasonable approach to assess design storm evaluation in hydrological practice. Applications range from urban to catchment hydrology.
This procedure for the ARF does not have the disadvantages in application of previously proposed theoretically based methods. The model calibration can be made directly using depthduration data of storm rainfalls for a particular area. Besides, by using the scaling properties it may be possible to apply the results to other areas with similar climatic characteristics. With the acquisition of sufficient additional data, we will be able to extend this investigation to longer storm durations and also to the probability distributions of the variables I ( ) and ARF( ). (14), compared with the data, metropolitan area of Milan. (14) compared with the ones obtained from the observed UK data [NERC, 1975, p. 39] .
